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1. Introduction
As a result of the current trend toward wider disclosure of information and the development of information
and communication technologies, a number of statistical datasets from national and local governments
have become freely available in the form of digital data. Consequently, both analysts and ordinary citizens
now have ready access to extensive databases. Many of these statistical datasets contain information on
geographic locations; hence, they are processed by geographic information systems (GIS).
One of the primary functions of GIS is the visual presentation of the statistical analyses of data; standard
GIS software packages include typical visualization procedures such as choropleth and dot mappings. An
alternative visualization procedure is the area cartogram, which has been discussed in quantitative
geography (Monmonier 1977; Dorling 1996; Tobler 2004). An area cartogram is a transformed map on
which areas of regions are proportional to statistical data values. The deformation of the shape of regions
and their displacement help map-readers intuitively recognize the distribution of data represented on area
cartograms; an area cartogram is a powerful method for the visual representation of statistical data.
Area cartograms are classified on the basis of two characteristics—the shapes and the contiguities of the
regions indicated on them. With regard to the shapes of regions, some area cartograms use complex shapes,
whereas others use simple shapes such as circles and rectangles. Comparing area cartograms having
complex region shapes with geographical maps enables map readers to easily comprehend the
characteristics of spatial data presented in such area cartograms. However, it is difficult to compare the
sizes of regions using area cartograms having complex region shapes. In this sense, it is better to use
simple shapes to express data. In this study, I describe area cartograms that use simple shapes to represent
regions; hereafter, these are referred to as “simple-shaped cartograms.”
Simple-shaped cartograms are classified into two types based on the contiguities of the regions illustrated
on them.
The first type is a contiguous cartogram; the rectangular cartogram proposed by Rasiz (1934) is an
example of such a type. In this type, rectangles represent regions, and different rectangles representing
adjacent regions are placed contiguously. A rectangular cartogram is an effective visualization tool as the
size of regions is easy to perceive. However, its construction is quite difficult because it is impossible to
consistently maintain all the contiguities of regions, and it becomes necessary to omit some of the
contiguities. Although several solutions have been proposed (e.g., van Kreveld and Speckmann 2007,
Speckmann et al. 2006, Heilmann et al. 2004), their applications are limited.
The second type is a non-contiguous cartogram; the rectangular cartogram proposed by Upton (1991) and
the circular (or circle) cartogram proposed by Dorling (1996) are examples of this type. In this type,
regions are represented by rectangles and circles and the contiguities of regions are omitted. Whereas
circular cartograms are often used for visualization because of their simple construction algorithm,
rectangular cartograms are not used much because of their complex construction algorithm.
The circular cartogram construction algorithm proposed by Dorling (1996) introduces two requirements
for an easily comprehensible resultant: “avoidance of overlap of circles” and “maintenance of the
contiguity of regions as much as possible.” It is also important to “maintain similarity of configuration
between circles on cartograms and regions on geographical maps”; thus, the algorithm first places circles
according to the geographical configuration of regions and then moves them one by one in order to fulfill
the requirements. It outputs results that represent a spatial distribution of data. However, the relative
positions of circles on cartograms sometimes differ greatly from the geographical maps; the displacement
of circles then leads to difficulty in distinguishing which circles represent which regions.
To maintain the similarity in the relative positions of circles on cartograms to those of regions on
geographical maps, Inoue (2010) proposed a new construction method for circular cartograms in a
previous study. The proposed method attaches a high value to the preservation of the relative position of
circles while considering the requirements proposed by Dorling (1996); it formulates a circular cartogram
construction problem as a non-linear minimization with inequality constraint conditions; further, the paper
shows the results for some applications to the world population dataset.

Considering the similarity of circle and rectangular area cartograms, which both use simple-shaped
polygons and omit expressing the contiguity of regions, I believe that a similar approach can be quite
effective in constructing all types of simple-shaped non-contiguous area cartograms. In this study, I first
reviewed the previous circular cartograms construction method by Dorling (1996) and Inoue (2010); I then
derived the formulation for rectangular cartogram construction according to the same approach used for
circular cartogram construction. I also show that the approach in this study is a generalized approach to
simple-shaped non-contiguous area cartogram construction.
2. Previous studies on circular cartogram construction
Here, I review the previous approaches to circular cartogram construction by Dorling (1996) and Inoue
(2010).
2.1 Algorithm proposed by Dorling (1996)
First, I review the algorithm proposed by Dorling (1996). He created the algorithm for circular cartogram
construction according to the following requirements:
1) Maintenance of similarity between the position of circles on cartograms and the position of regions on
geographical maps.
2) Placement of circles on top of other circles that share their border on the geographical map if possible.
3) Avoidance of circle overlap.
I agree that these requirements are essential to the construction of visually elegant circular cartograms.
When people read circular cartograms, they note the differences in the size and position of circles by
comparing those regions on geographical maps and recognize the characteristics of the spatial distribution
for the represented data on cartograms. Large relocations of circles make data interpretation difficult;
therefore, it is important to retain the circle alignment in cartograms. Moreover, avoiding any overlapping
of circles is important as overlaps hinder the recognition of circle sizes.
However, the first requirement is not implemented in the algorithm explicitly, as I described before. The
first requirement is considered only for the initial position of circles, and the second and third requirements
are considered during the iterative process of algorithm. Consequently, the relative positions of circles on
the resultant cartogram may differ from that of regions on the geographical maps.
2.2 Formulation proposed by Inoue (2010)
To improve the resultant cartogram shape, Inoue (2010) proposed a new formulation for circular cartogram
construction that can give equal consideration to all the three requirements. I introduce its approach here.
Suppose that the data to be expressed on a circular cartogram are given to every region in the target
domain; the radii of circles are then given by themselves. It turns out that a circular cartogram construction
is a problem of determining where the positions of the circles’ centers are. To satisfy the three
requirements, the distance between the centers of neighboring circles should be the sum of the radii of
those circles; the relative positions of the circles’ centers on cartograms should resemble the corresponding
regions on the geographical maps; and overlapping circles should be avoided.
This description of circular cartogram construction is quite similar to that of distance cartogram
construction. Distance cartograms are diagrams that visualize the proximity indices between points in a
network. Its construction problem is to determine the location of points on cartograms according to the
given proximity indices between points, and its construction algorithm was proposed by Shimizu and
Inoue (2009), who formulated it as a least-squares problem.
The difference between circular and distance cartogram constructions is that circular cartogram
construction requires the avoidance of circle overlapping. Thus, Inoue (2010) proposed adding constraint
conditions to the formulation of distance cartogram construction.
The proposed formulation as follows: let circle i on a cartogram represent region i on a geographical map;
(xi, yi), the x- and y-coordinates, respectively, of the center of circle i on the coordinate system of the
cartogram; (xGi, yGi), the x- and y-coordinates, respectively, of the centroid of region i on the geographic
coordinate system; ri, the radius of circle i; and C, the set of pairs of regions that share borders. The
formulation for circular cartogram construction is then

(1)
Equation (1) is composed of two objective functions and one constraint condition. The first term of the
objective function involves keeping the circles that represent neighboring regions closer to be contiguous
on the cartogram; the second term of the objective function involves maintaining similarity between
relative positions of circles on the cartogram and regions on the geographical map; α is the weight
parameter for these two objective functions. The constraint conditions between all pairs of circles are set to
avoid overlapping of circles.
Inoue (2010) showed that it is possible to construct circular cartograms by solving equation (1), which is a
non-linear minimization problem with inequality constraint conditions.
2.3 Principle for construction of simple-shaped non-contiguous cartograms in this study
Here, I state the principle for the construction of simple-shaped non-contiguous cartograms in this study.
Whatever the shapes of figures on cartograms are, the three requirements enumerated by Dorling are
essential. I thus followed the requirements:
1) Maintenance of similarity between the position of figures on cartograms and the position of regions on
geographical maps.
2) Placement of the shapes on top of other figures that share their border on the geographical map if
possible.
3) Avoidance of overlap of figures.
I then attempted to formulate the construction of simple-shaped non-contiguous cartograms as a non-linear
minimization problem with inequality constraint conditions, which was successfully used to construct
circular cartograms.
In the next section, I derive the formulation for the construction of rectangular cartograms by following
this principle.
3. Formulation of rectangular cartogram constructions
3.1 Formulation for rectangular cartogram construction
Suppose that the data to be expressed on a rectangular cartogram are given to every region in the target
domain, which is the case for circular cartogram construction. Furthermore, suppose that the horizontal-tovertical ratio of each rectangle is given to enhance the visibility of the resultant cartogram. Figure 1 shows
an example to define the horizontal-to-vertical ratio: a map of the Kanto region in Japan that shows the
shapes of prefectures. The horizontal-to-vertical ratio is defined from the shape of regions; the edges of the
rectangles are on the northernmost, southernmost, easternmost, and westernmost points of regions. The
widths and heights of the rectangles are given together with them.

Figure 1. Example for defining the horizontal-to-vertical ratio
Now, a rectangular cartogram construction is a problem where the positions of the rectangle centers are
determined, which is similar to circular cartogram construction. Thus, the three requirements should be
considered to construct rectangular cartograms.
Note that there is a difference between rectangular and circular cartogram constructions when placing
shapes to express the contiguity of regions. When constructing circular cartograms, the expression of
contiguity information is achieved by placing circles so as to fit the distance between the centers of
neighboring circles to the sum of the radii of those circles. However, when constructing rectangular
cartograms, the horizontal or vertical distances between the centers of neighboring rectangles should be
half the sum of the widths or heights of those rectangles.
It is convenient if the set of regional pairs that share borders is divided into sets of either regional pairs that
share horizontal edges or regional pairs that share vertical edges. Hereafter, “x-contiguity pairs” denote
regional pairs that share horizontal edges, and “y-contiguity pairs” denote regional pairs that share vertical
edges (Figure 2).

(a) x-contiguity pair

(b) y-contiguity pair
Figure 2. Contiguity information for rectangular cartogram construction
I then formulate the construction for rectangular cartograms. Let rectangle i on a cartogram represent
region i on the geographical map; (xi, yi), the x- and y-coordinates, respectively, of the center of rectangle i
on the coordinate system of the cartogram; (xGi, yGi), the x- and y-coordinates, respectively, of the centroid
of region i on the geographic coordinate system; lxi and lyi, the width and height, respectively, of rectangle
i; dxij and dyij, the horizontal and vertical distances, respectively between the centers of rectangles i and j;
and Cx and Cy, the set of x-contiguity and y-contiguity pairs of rectangles, respectively. Figure 3 shows the
definitions of the notations.

Figure 3. Neighboring rectangles that share vertical edges on a rectangular cartogram
The rectangular cartogram construction is formulated as expressed in equation (2), which is quite similar
to equation (1).

(2)
Equation (2) is composed of three objective functions and one constraint condition. The first and second
terms of the objective function involve keeping the rectangles that represent neighboring regions closer to
be contiguous on the cartogram; the third term of the objective function involves maintaining similarity
between relative positions of rectangles on the cartogram and regions on the geographical map; α is the
weight parameter for the representation of contiguity and relative positions. The constraint conditions
between all pairs of rectangles are set to avoid overlapping of rectangles.
3.2 Simplification of formulation
The unknown variables of equation (2) are the coordinates for the centers of rectangles xi and yi since the
width and height of the rectangles lxi and lyi and geographic coordinates of the centroid of regions xGi and
yGi are given. Equation (2) can then be rewritten as follows:

(3)
To simplify the third term of the objective function, the inverse function of the tangent is removed:

(4)
Equation (4) is then rewritten as follows since there is no pair of rectangles that is included in both the xcontiguity and y-contiguity sets:

(5)
From equations (3) and (5), equation (6) is obtained:

(6)
Equation (6) consists of the calculation for the x- and y-contiguity sets. The absolute value signs in the
objective functions of equation (6) look like they require complex calculation. Considering the similarity
of the relative positions of rectangles on cartograms, xj−xi should have a positive value if xGj−xGi is positive
and yn−ym should have a positive value if yGn−yGm is positive. Then, create the sets of x- and y-contiguity
pairs so as xGj>xGi and yGn>yGm; the equation can then be rewritten as

(7)
Focusing on the term for maintaining the relative positions of the y-contiguity set, the denominators may
become zero, although the numerators are always positive. Then, invert the terms since the meaning of the
equation does not change:

(8)
Now consider that the optimum value of xj − xi is lxi + lxj for all i and j in the x-contiguity set, and yn − ym is
lym + lyn for all m and n in the y-contiguity set. Substituting these values into the terms for maintaining
relative positions, equation (9) is obtained:

(9)
Equation (9) looks simple: for each set of contiguity, x- and y-coordinates are calculated separately. If
focusing on the x-contiguity set, the x-coordinate distances between centers of neighboring rectangles
should be the half the sum of the widths of those rectangles, and the y-coordinate distances should be the
products of the x-distance between centers and ratios of the y-coordinate distances over x-coordinate
distances on the geographic coordinates.
If all regions are included in the x- or y-contiguity set and a rectangle’s center is fixed to the coordinate
system of the cartogram, equation (9) has a unique answer. This formulation can construct rectangular
cartograms.
However, one problem is still remains. Figure 4 shows an example of the problem. Suppose that rectangles
i and j share vertical edges on the cartograms and that the shape and size of the rectangles are fixed. Then,
there is a chance that two rectangles cannot share the borders on resultant rectangular cartograms, as
shown below. When the relationship of equation (10) holds, this problem occurs.

(10)

Figure 4. Example of problem resulting from equation (9)
Thus, modify equation (9) to avoid the problem using the parameter β to finally obtain equation (11),
which is the formulation for rectangular cartogram construction. The parameter β is set as 0.8 in the
following application.

(11)
3.3 Suggestion for formulation of other simple-shaped non-contiguous cartogram constructions
I describe the formulation of other simple-shaped non-contiguous cartogram constructions here.
The main concept in this study was to formulate the three requirements for cartogram construction as a
non-linear least squares problem with non-equality constraints. Two of the three requirements are
formulated as objective functions, and the last is formulated as a constraint condition.
Until now, I have proposed formulations for circular and rectangular cartogram construction. The
difference between these is that rectangular cartograms have two ways to express the contiguity (sharing
horizontal and vertical edges), whereas circular cartograms have only one way (contact between circles).
This is why I split the contiguity information in two for rectangular cartogram construction, although this
is unnecessary for circular cartogram construction.
Now, suppose formulating hexagonal or octagonal cartograms is required. All inner angles of hexagons
should be 60°, and all inner angles of octagons should be 45°. Then, suppose that the shapes and sizes of
all hexagons or octagons are fixed by the data size and geographic shapes; similar to the previous
cartogram construction, their constructions are simply to decide the position of the shapes’ centers.
When formulating their construction, three directions are needed to express the contiguity information for
hexagonal cartograms, and four directions are needed for octagonal cartograms. The formulation results
would be more complex compared to those of circular and rectangular cartogram construction; however, a
similar approach is certain to be effective for hexagonal and octagonal cartogram construction.
4. Application
4.1 Investigation of applicability of proposed formulation
The proposed formulation is applied to data from the World Population Prospects by the United Nations
Population Division. The formulation was solved through a trust-region interior-point method using the
mathematical programming software NUOPT by the Mathematical Systems, Inc. of Japan. NUOPT can be
used to solve complex mathematical optimization problems by setting initial values to unknown variables
(x- and y-coordinates of the centers of rectangles) and describing the objective functions and constraint
conditions.
As described previously, achieving similarity between the configuration of a rectangle on the cartogram
and the regions on a geographical map is preferable; the initial values should then be set according to the
geographic coordinates. Additionally, setting the initial values to satisfy all of the constraint conditions is
important for making the calculations easier; however, it is also important to set the initial values close to
the resultant coordinates to make the change in coordinate values, i.e., the change in positions of circles,
smaller.
Considering the above conditions, I set the initial values of x- and y-coordinates for the centers of
rectangles to touch at least one pair of rectangles and avoid overlaps of any other pairs of rectangles.
There is one additional issue to consider. The construction of rectangular cartograms by equation (11)
requires that the union of sets of x- and y- contiguity pairs of regions should compose one graph. However,
the world country data do not satisfy this condition, as it includes data of separate continents and island
countries. Thus, I added dummy region data to connect all rectangles in one graph.

Figure 5 is the output rectangular cartogram of the world population in 1980. The weight parameter α for
this calculation was 0.1. The white rectangles represent countries, and the abbreviated three-letter codes
indicate the country names. The gray rectangles represent the dummy regions. The sizes of the dummy
rectangles were decided through a trial-and-error process to achieve comprehensible outputs.
It was confirmed that the formulation developed in this study can construct a rectangular cartogram. Since
the configuration of rectangles on the cartogram seems similar to that of regions on a geographical map, it
is easy to sense which rectangles represent which regions. The population distribution is well presented in
this figure without any overlaps of rectangles. However, it shows the limitation in contiguity
representation of regions on rectangular cartograms; Russia contacted Mongolia only and floated above
China, although Russia share borders with many countries from Finland to Japan.

Figure 5. Resultant circle cartogram of the world population in 1980 by proposed formulation (α = 0.1)
4.2 Evaluation of weight parameter settings
Figure 5 shows the calculation results when the weight parameter α is equal to 0.1. Without discussing and
evaluating the meaning of setting α, it would be difficult to adjust its value. In this section, I clarify the
meaning of α and explain the change in figures using the 1980 world population data.
As shown in equation (11), when α is close to zero, the similarity to the geographic configuration is
weighted; when α is close to unity, the representation of contiguity information is weighted. As a result, a
larger α should place rectangles closer together to express the contiguity of regions, although the
deformation of rectangle positions becomes larger; in contrast, a smaller α should place rectangles
according to the geographic configuration, although some pairs of rectangles with contiguity information
are placed separately.
I then checked the differences in the resultant cartograms by adjusting α. Figure 6 shows the calculation
results with α equal to from 0.1 to 0.9. There do not seem to be large differences between these figures, but
the figures calculated with smaller α have larger gaps between rectangles and keep the similarity to the
geographic configuration of regions.
The difference in shapes were evaluated by two indices: the percentage of represented contiguity
information on cartograms, and the residual sum of squares for x- and y-coordinates of the affine
transformation from the cartogram coordinates to geographic coordinates. The former index corresponds to
the first term of the objective functions; it should be small when α is small. The latter index corresponds to
the second term of the objective functions. The affine transformation is composed of rotation, scaling, or
shear, and if the two configurations of points are matched by the affine transformation, the similarity is
high; the disparity between the geographic and affine-transformed cartogram coordinates is the index of
similarity of configuration. The residual sum of squares for the affine transformation should be small when
α is small since the smaller residuals express higher similarity.
Table 1 shows the values of two indices. It confirms that contiguity is well represented when α is large and
that the similarity of configuration is preserved when α is small. These two favorable characteristics for

rectangle cartograms are the tradeoff; however, users who construct rectangle cartograms by this
formulation can easily adjust α since its meaning is clear.

Figure 6. Differences in the resultant rectangular cartograms for 1980 world population by adjusting α
Table 1. Tests for representation of regions’ contiguity and similarity in configuration

4.3 Visualization of changes in world population distribution
Figure 7 is an application example which visualizes the changes in world population distribution of every
10 years from 1980 to 2050; the color, based on ColorBrewer scheme (Brewer, 2011), represents the
annual population growth of the last five years for each country. The data is from the World Population
Prospects by the United Nations Population Division. The dummy regions are not depicted on these
figures.
When comparing cartograms of different years, cartogram readers first note the difference in figures and
then realize the change in data represented. To make the comparison easier, it is preferable to use the
coordinate values of rectangle centers on the previous year’s cartograms as the initial values for
constructing the next year’s cartogram, otherwise the deformation patterns from the geographic
configuration might change much due to the large differences in the population datasets.
First, rectangular cartograms were confirmed to be useful for visualizing the distribution changes of spatial
data. By using the shape of previous rectangular cartograms as initial data for the construction of the next
rectangular cartograms, it is possible to output similarly shaped cartograms; consequently, the change in
data can be clearly visualized.
Second, Figure 7 clearly shows that the total world population is increasing rapidly, particularly in Asian
and African countries. The colors in the rectangles clearly show the change in population; however, even if
the color is not shown on these cartograms, visualizing the change in population is still possible.

Figure 7a. World population from 1980 to 2050

Figure 7b. World population from 1980 to 2050 (cont.)
5. Conclusions
In this paper, a formulation for simple-shaped non-contiguous area cartogram construction has been
proposed based on a method for circular cartogram construction by formulating the problem as a
constrained nonlinear minimization problem. The application for rectangular cartogram construction has
revealed that the proposed formulation can output cartograms without overlapping rectangles while
maintaining the similarity between the configuration of rectangles on cartograms and that of regions on
geographic maps. It requires setting one parameter; the setting is easy since its meaning is clearly stated in
this paper.
The necessity of dummy region setting may be a barrier for the usage of the solution; a tool to support
users to add dummy regions is necessary. The development of a software application with easy operation
is left for future research.
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