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ABSTRACT 
The most common way of visualizing distortions caused by map projections is the use of Tissot’s 
indicatrix, the projection of an infinitesimal circle around a point on the datum surface. The appearance of 
such a circle on the projection plane is an ellipse unless the projection is conformal. Indicatrices distributed 
on a regular grid or graticule provides an efficient tool for understanding distortion characteristics of a 
projection. Other methods for this purpose are isocol representations for area and/or angle distortions, 
tables showing distortions numerically in certain latitudes or longitudes, and using known shapes, i.e. the 
projection of a circle or square on the datum surface. For most of the azimutal, conic and cylindrical 
projections the indicatrices can easily be created. For more complicated projections such as 
pseudocylindrical, polyconic, pseudoconic projections the positioning of the indicatrix is not easy, because 
the projected graticule is not orthogonal in such projections. In order to interpret the indicatrix it must be 
exaggerated, so its scale differs from the principal map scale. Known shapes approach can be used to 
simulate the indicatrix. In other words the representation of finite circles that are small enough can be used 
instead of the indicatrix. Doing so, no extra calculations are necessary. A data set including finite circles 
with an appropriate interval in longitude and latitude can be added to map data. Doing so, a finite circle 
representation that look like an indicatrix representation can be created with the map data automatically. 
BACKGROUND AND OBJECTIVES 

The basic problem of map projections is the representation of a curved surface, the earth, in a plane, the 
map. The figure of the earth is usually represented by a surface of revolution, either the ellipsoid or the 
sphere (Richardus & Adler 1972, p.1). Both the surfaces are non-developable, i.e. they can not be opened 
to the plane without distortions. This is actually a transformation process from a curved surface to the 
plane, in which areas, shapes and angles are distorted. One of these properties can be preserved by using 
an appropriate map projection. To construct such projections, distortion characteristics must be known 
extensively. On the other hand, it is also necessary to know distortion characteristics of map projections. 
So the geometry of the map can be understood correctly. It is especially important when using small-scale 
maps, because projection distortions are more significant at small scales. 
Tissot’s theory provides a useful mechanism to understand projection distortions. The theory states that a 
circle on the datum surface, either the ellipsoid or the sphere, with a center P and a radius, ds, can be 
assumed to be a plane figure within its infinitely small area, which will remain infinitely small on the plane. 
In general, the circle will be portrayed as an ellipse, which is called the ellipse of distortion or Tissot’s 
indicatrix. When using particular map projections, in which datum and image planes are parallel, the circle 
will be portrayed as a circle, though at a different scale. Such projections are called conformal. 
The axes of the indicatrix show the maximum and minimum linear distortions on the projection surface or 
on the plane of the map. It provides a useful medium for analyzing or visualizing projection distortions. 
Since the indicatrix is infinitesimally small, it is exaggerated when depicting on the map, i.e. the scale of 
the indicatrix differs from the scale of the map. In practice, an indicatrix representation is made on the 
intersections of a graticule, a network of meridians and parallels on the map plane. 
In case of azimuthal, cylindrical and conic projections the graticule is orthogonal. Here the semi-axes of 
the indicatrix are coincident with the directions of the meridians and the parallels. It means that the 
directions of the maximum and minimum linear distortions are coincident with the directions of the 
meridians and parallels. An indicatrix representation for these projections is rather straightforward, 
because the direction of the indicatrix is obvious. 
In mathematical projections, such as pseudocylindirical projections, the graticule is not orthogonal. It 
means that the directions of maximum and minimum linear distortions are not coincident with the graticule. 
In this case the direction of the indicatrix must be determined. Since the forward projection equations are 
more complicated and partial derivatives are necessary, creating an indicatrix representation is not an easy 
task. 
Known shapes can also be used for distortion visualization. A human head drawn in Mollweide projection 
and transferred to Mercator and cylindrical equal-area projection in the famous text book of Arthur 



Robinson is a famous representation of distortion visualization (Robinson et al 1995, p.69). Similarly a 
circle can be created on the sphere and represented on the map plane for the same purpose. Such shapes 
show the distortion pattern globally. 
Known shapes approach can also be used in a way that the indicatrix representation do. In other words 
circles, which are small enough, created on the intersections of a graticule can simulate the indicatrix 
representation. Here, these circles are a part of the map content and visualizes the distortion pattern in a 
simple and efficient way. Partial derivatives and extra calculations are not necessary. This approach is also 
very useful when using table-based projections. 
TISSOT’S INDICATRIX 

Tissot’s indicatrix or ellipse of distortion is a concept presented by French mathematician Nicolas Auguste 
Tissot in 1859 and 1871 to measure and to visualize distortions caused by map projection. It is the diagram 
that results from projecting a circle of infinitesimal radius from a curved geometric model onto the 
projection plane. Tissot proved that this diagram is normally an ellipse whose axes indicate the two 
directions along which its scale is maximal and minimal. These directions are called principal directions 
(URL1). 
In general, forward projection is expressed with two functions: 

(1) 
Here x and y represent Cartesian coordinates on the map surface, φ and λ geographical coordinates. The 
local scales or linear distortions along meridians (h) and parallels (k) can be obtained as follows: 

(2) 

If the graticule is orthogonal on the map plane, meridians and parallels are the principal directions. So h 
and k are coincident with the semi-axes or the radii of the indicatrix (a,b) (Fig.1). 

Any point (P) on the infinitesimal circle on the sphere are transformed to a point on the 
indicatrix or the ellipse (P'). Assuming the radius of the circle 1, and radii of the ellipse a and 
b, the distortion of the azimuth around the point O can be obtained as follows (Fig.1). 

(3) 

(4) 
Direction distortion in the azimuth; 

(5) 

Maximal direction distortion occurs when  

(6) 



Angular distortion: 

(7) 
The area of the indicatrix delivers the local area distortion. 

(8) 
The local scale or linear distortion in the direction of can be obtained by the equation of the ellipse. 

(9) 

 
Figure 1: Tissot’s indicatrix 
If the graticule is not orthogonal, the radii of the indicatrix or minimal and maximal local scales around a 
point can be obtained as follows (Bildirici et al 2006): 

(10) 
The direction of the indicatrix can be determined by using the direction angles of the projected meridians 
and parallels (βφ , βλ , see Fig.2). We assume the projected graticule is not orthogonal, which is the general 
case. 

(11) 
The angle between horizontal axis (y) and the parallel (Richardus and Adler 1972, p.131): 



(12) 
The direction of the major radius of the indicatrix (a): 

(13) 
After the radii (a,b) and the direction of the indicatrix are known, it should be scaled, i.e. the radii are 
multiplied with an appropriate scale factor. So the indicatrix can be drawn. 

 
Figure 2: Direction of the indicatrix 
FINITE CIRCLES APPROACH 

Instead of indicatrix representation, finite circles can be created on the datum surface, sphere or ellipsoid, 
in accordance with the graticule. Such circles can simulate the indicatrix representation. The circles can be 
created and added to the map data. The resulting map shows ellipses just like indicatrices. 
In order to create circles on the sphere, the direct solution is used. 

(14) 
Here δ denotes the great circle distance from point O to point P, αO is the azimuth at point O. If point O 
stays unchanged, point P draws a circle with a constant distance δ (the radius). In practice a polygon is 
created by incrementing the azimuth (Fig.3). For instance a polygon can be created in 5° increments in 
azimuth. 



 
Figure 3: Direct solution on the sphere 
For an efficient use of this approach an appropriate radius and angular increment for the change in azimuth 
are to be determined. The radius can be a value around 1 cm or the less on the map. A polygon that 
represents a circle can be created in a linear increment of 0.2 m, minimum space between two points on the 
map. In this case the increment in the azimuth is 1.4°. Since 0.2 mm is the minimum distance on the map, 
an increment of 5° in azimuth is sufficient for simulating a circle with a polygon. It is also obvious that the 
more the radius is the less the increment in azimuth should be. 
Since no partial derivatives and other quantities that depend on the forward projection formulas are 
required, the application of the finite circles approach is straightforward. After addition of circles to the 
map data, the indicatrix-like representation is created together with the actual map data. Circle data with 
different properties (scale, graticule interval, radius etc) can be created as separate layers in GIS systems. 
The coordinate system of such data must be longitude and latitude (the geographical coordinate system). 
Such layers can be added to any map in a GIS system, and distortion distribution can be visualized. Such a 
representation makes possible to understand how the data are distorted. 
A COMPARISON 

In order to examine whether the finite circles simulate the indicatrix representation, both the approaches 
should be compared numerically. For this purpose a simple projection, the equal-area cylindrical 
projection, is chosen, where the graticule is orthogonal. Here the principal directions are coincident with 
the meridians and parallels. The forward projection equations: 

 
The local scales: 

 
Choosing an arbitrary point O, we can create an indicatrix. The geographical and plane coordinates and the 
radii of the indicatrix (R=6371 km); 

 
The local scales around the point O and directions on the sphere and on the map can be calculated with 
Eq.4 and 9. Table 1 shows these magnitudes in 15° interval in the azimuth (see left side of the table). 
To simulate the indicatrix a finite circle around the same point (O) can be created with a radius of 100 km, 
which is small enough for a small scale map. With the same interval in the azimuth the points are 
calculated on the sphere and projected on the map with the forward projection equations. The azimuths on 
the map are calculated with plane coordinates. Similarly the distances from the point O to the points on the 
ellipse (the projected circle) are divided by the radius of the circle, which gives the local scale in this 
direction, approximately. These values are shown in the table. 



Table 1: The direction distortion and local scales around point O (30°N, 30°E) 

 
If the azimuths on the plane and local scales are compared, it can be seen that the finite circle simulates the 
indicatrix. It can be said that the differences, which are given in table 2, can hardly be noticed on a small 
scale map. 
Table 2: Differences in azimuth and local scale 



 
APPLICATION 

In this section four projections with different properties are selected and finite circle representations are 
created. For this purpose world countries data is used, and world maps with finite circle representations are 
created. Selected projections scale and circle radius are listed in table 3. In figures 4 to 7 world maps in 
selected projections with finite circle representation are shown. The graticule interval is 15° for all maps. 
The word countries data are taken from digital chart of the world (URL2). The maps are created with the 
program “wproj” developed by Bildirici. It is capable of creating small-scale maps in dxf and postscript 
format. It currently includes 75 projections. 
Table 3: Selected projections 

 
Forward projection equations and other information can be found in the following references: For Winkel 
Tripel projection see Ipbuker & Bildirici (2005), for Ginzburg Projections see Bildirici et. al. (2006), for 
HEALPix see Calabretta & Roukema (2007). 



 
Figure 4: Mollweide Projection 

 
Figure 5: Winkel Tripel Projection 

 
Figure 6: Ginzburg V Projection 



 
Figure 7: HEALPix Projection (H=4 K=3) 
CONCLUSION 
Distortions are unavoidable in map projections. It is necessary to know their effects and magnitudes, 
especially when creating small-scale maps. Tissot’s indicatrix provides a useful tool for understanding 
distortion distribution on map area. In order to create an indicatrix representation, partial derivatives are 
necessary. In mathematical projections such as pseudocylindirical projections or polyconic projections, 
partial derivatives can be complicated equations, and direction of the indicatrix (the angle in Eq.12) can 
have some special cases to be taken into account. The projection of the finite circles that are created on the 
datum surface can simulate Tissot’s indicatrix, if they are small enough. Such circles are prepared for 
certain scales and purposes, and added to GIS projects as separate layers. So the distortion distribution can 
be understood easily, for which no extra calculation efforts are necessary. In this paper the applicability of 
the finite circle method was shown. 
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